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UDC 629.42-192(075)
MATHEMATICAL MODELS OF NEW MAGNETOELASTIC SENSOR FOR MEASURE OF
POWER AND VIBRATION PARAMETERS
Fayzullayev Javharbek Sulton ugli
Tashkent State Transport University
Address: 1 Odilhodjaev st., 100167, Tashkent city, Republic of Uzbekistan
E-mail: javhar2019@mail.ru, Phone: +998903251116.
Abstract: In the paper, the mathematical models of the new magnetoelastic sensor for measuring power and
vibration parameters are developed taking into account the aggregation or scattering of the parameters of electromagnetic
chains and the characteristics of the magnetization curve of the magnetic conductor material. The analysis of the generated
mathematical models and graphs based on them showed that the magnetic chain in which the coils are assembled does not
take into account the nonlinearity of the magnetization curve of the magnetic conductive material (electrotechnical steel),
the result is 12 ÷ 15% of the experimental results. It varies by 6 ÷ 8%. The result differs by 10 ÷ 12% from the experimental
results, and 5 ÷ 7% from the non-linearity of the magnetization curve.
Keywords: Mechanical force, vibration, magnetoelastic sensor, mathematical model, magnetic conductor, linear
magnetic circuit, nonlinear magnetic circuit, magnetization curve, approximation, differential equation.
Аннотация: Куч ва титраш параметрларини ўлчовчи янги магнит-эластик датчикнинг математик
моделлари электр-магнит занжирлари параметрларининг мужассамлашганлиги ёки тақсимланганлигини ҳамда
магнит ўтказгич материали магнитланиш эгри чизиғининг хусусиятларини эътиборга олган ҳолда ишлаб чиқилган.
Ҳосил қилинган янги магнит-эластик датчикнинг математик моделлари ва улар асосида қурилган графиклар
таҳлили шуни кўрсатди-ки, чулғамлари йиғиқ жойлашган магнит занжири ундаги магнит ўтказгич материали
(электротехник пўлат) магнитланиш эгри чизиғининг ночизиқлиги ҳисобга олинмай ҳисобланганда, натижа
тажриба натижаларидан 12 ÷ 15 % га, магнитланиш эгри чизиғининг ночизиқлиги ҳисобга олинганда эса - 6÷ 8 %
га фарқ қилади. Магнит-эластик датчикнинг чулғамлари тақсимланган ҳолда жойлашган магнит занжири ундаги
магнит ўтказгич материали магнитланиш эгри чизиғининг ночизиқлиги ҳисобга олинмай ҳисобланганда, натижа
тажриба натижаларидан 10 ÷ 12 % га, магнитланиш эгри чизиғининг ночизиқлиги ҳисобга олинганда эса - 5÷ 7 %
га фарқ қилади.
Таянч сўзлар: Механик куч, титраш, магнит-эластик датчик, математик модель, магнит ўтказгич,
чизиқли магнит занжири, ночизиқли магнит занжири, магнитланиш эгри чизиғи, силлиқлантириш, дифференциал
тенглама.
Аннотация: Разработаны математические модели нового магнитоупругого датчика усилий и параметров
вибрации с учетом сосредоточенности или распределенности параметров их электромагнитных цепей, а также с
учетом особенностей кривых намагничивания материала магнитопровода датчика. Анализом полученных
математических моделей и их кривых показал, что при расчете магнитной цепи датчика без учета
распределенности обмоток и нелинейности кривой намагничивания материала, результаты расчета отличаются
от экспериментальных на 12 ÷ 15 %, а с учетом нелинейности кривой намагничивания материала магнитопровода
– на 6÷ 8 %. Установлено, что при расчете магнитной цепи датчика с учетом распределенности обмоток, но без
учета нелинейности кривой намагничивания, результаты расчета отличаются от экспериментальных на 10 ÷
12 %, а с учетом распределенности и нелинейности кривой намагничивания – на 5÷ 7 %.
Ключевые слова: Механическое усилие, вибрация, магнитоупругий датчик, математическая модель,
магнитопровод, линейная магнитная цепь, нелинейная магнитная цепь, кривое намагничивание, аппроксимация,
дифференциальное уравнение.
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Introduction
The Department of "Electricity" of Tashkent State University of Transport has developed a new
design of magnetoelastic sensor (MES) for measuring mechanical strength and vibration for the use of
various technological processes in control and management systems [1,2,3]. To evaluate the technical
capabilities of this sensor, there is a need to develop a mathematical model of it, and it is mainly based
on a mathematical model of the sensor magnetic circuits. Therefore, this article is devoted to the
development of the created MES mathematical model.
In order to simplify the analysis of new MES chains, we introduce the following limitations: 1)
ferromagnetic cores and ferromagnetic connectors connecting them are made of the same material in a
monolithic form; 2) the scattered magnetic fluxes that pass through the edges of the ferromagnetic cores
are negligibly small; 3) because the frequency of change of the magnetic field over time is very low
(around a few Gts), the fluctuating currents in the ferromagnetic cores have an insignificantly small
value; 4) the sections of the coils of the magnetic system are mutually identical and the current flowing
through them has a sinusoidal shape; 5) The power lines of the working magnetic flux between the
ferromagnetic cores are mutually parallel.
Although the above limitations do not significantly affect the accuracy of the magnetic chain
analysis results, they do greatly simplify the calculations. [5].
Figure 1, a, shows the magnetic circuit of a new MES that measures power and vibration
parameters [5]. The magnetic flux generated in the ferromagnetic cores by the current passing through
the coils where the MES is located 𝑄𝜇 (𝛼 ) and the magnetic voltage between them 𝑈𝜇 (𝛼 ) In order to
find the law of change along the angular coordinate of 𝛼, we construct the following differential
equations based on Kirchhoff's laws for the elementary section 𝑑𝛼 of the magnetic chain (Fig. 1, b). [6]:

а)
б)
Figure 1. Magnetic chain (a) of a new magnetoelastic sensor measuring power and vibration parameters and its 𝒅𝜶
elemental plot exchange scheme.

𝑄𝜇 (𝛼 ) − 𝑈𝜇 (𝛼 )𝐶𝜇𝑝 𝑑𝛼 − 𝑄𝜇 (𝛼 ) − 𝑑𝑄𝜇 (𝛼 ) = 0
or
𝑑𝑄𝜇 (𝛼 )

= −𝑈𝜇 (𝛼 )𝐶𝜇𝑝 ,
−𝑈𝜇 (𝛼 ) + 𝑍𝜇𝑝1 𝑄𝜇 (𝛼 )𝑑𝛼 + 𝑈𝜇 (𝛼 ) + 𝑑𝑈𝜇 (𝛼 ) + 𝑍𝜇𝑝2 𝑄𝜇 (𝛼 )𝑑𝛼 = 0
or
𝑑𝑄𝜇 (𝛼 )
= −(𝑍𝜇𝑝1 + 𝑍𝜇𝑝2)𝑈𝜇 (𝛼 ),
𝑑𝛼

𝑑𝛼
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0,5𝜋𝑟1𝑎𝑣

Where is 𝑍𝜇𝑝1 = 𝜇𝜇

0,5𝜋𝑟2

0 𝑏ℎ1 𝛼м

= 𝑍𝜇𝑝2 = 𝜇𝜇

0 𝑏ℎ2 𝛼м

= 𝑍𝜇𝑝 - the pogon values corresponding to the angular

unit a along the magnetic chain of the magnetic resistances of the 1 and 2 ring ferromagnetic cores,
0,25𝑏𝜋(𝑟1𝑎𝑣 +𝑟2𝑎𝑣 )
respectively; 𝐶𝜇𝑝 = 𝜇0
, - the distance between the coaxially located annular
𝛿 𝛼
𝑤 м

ferromagnetic cores; 𝑟1𝑎𝑣 , 𝑟2𝑎𝑣 , ℎ1 , ℎ2 , 𝑏 ва 𝛿𝑤 - respectively the average radii, thicknesses of the
ferromagnetic cores, their length along the channel axis and the working air gap between the
ferromagnetic cores; 𝜇, 𝜇0 = 4𝜋 ∙ 10−7 – the relative magnetic permeability of the ferromagnetic core
material and the absolute magnetic permeability of the air (magnetic constant), respectively; 𝛼, 𝛼𝑚 is the
angular coordinate and its maximum value, respectively.
The calculation of the nonlinearity of the main magnetization curve of the ferromagnetic core
material, albeit slightly, is made by using the following average value of the specific magnetic resistance
of the ferromagnetic material:
𝜌𝜇𝑚𝑖𝑛 −𝜌𝜇𝑚𝑎𝑥
𝜌𝜇𝑚𝑖𝑛 +𝜌𝜇𝑚𝑎𝑥
𝜌𝜇𝑎𝑣 = 𝜌𝜇𝑚𝑖𝑛 −
=
,
(3)
2
2
Where is 𝜌𝜇𝑚𝑖𝑛 and 𝜌𝜇𝑚𝑎𝑥 – the values of the specific magnetic resistance of the ferromagnetic material
corresponding to the minimum and maximum values of the magnetic field induction in the ferromagnetic
core, respectively
(2) Taking the product from the equation in the coordinate a and putting equation (2), we obtain
the following second-order homogeneous linear differential equation:
𝑑2 𝑄𝜇 (𝛼 )

= 2𝑍𝜇𝑝 𝐶𝜇𝑝 𝑄𝜇 (𝛼 ).
(4)
The general solution of this differential equation, as we know [6], is written in the following
𝑑𝛼 2

form:
𝑄𝜇 (𝛼 ) = 𝐴1 𝑒 𝛾𝛼 + 𝐴2 𝑒 −𝛾𝛼 ,
(5)
Where is 𝛾 = √2𝑍𝜇𝑝 𝐶𝜇𝑝 – the coefficient of propagation of the magnetic flux along the magnetic chain;
A1 and A2 are integration constants.
(1) Find 𝑈𝜇 (𝛼 ) from the equation and put (5) in the resulting equation to form the following
expression:
𝛾
𝛾
𝑈𝜇 (𝛼 ) = − 𝐶 𝐴1 𝑒 𝛾𝛼 + 𝐶 𝐴2 𝑒 −𝛾𝛼 .
(6)
𝜇𝑝

𝜇𝑝

We use the following boundary conditions to find the integration constants A 1 and A2:
𝑄𝜇 (𝛼 )|𝛼=0 = [𝐹𝑒 − 𝑈𝜇 (𝛼 )|𝛼=0 ]⁄𝑍𝜇0
}
(7)
𝑄𝜇 (𝛼 )|𝛼=𝛼м = −[𝐹𝑒 − 𝑈𝜇 (𝛼 )|𝛼=𝛼м ]⁄𝑍𝜇0
Where is 𝑍𝜇0 - the magnetic resistance of a ferromagnetic connector that interconnects annular
ferromagnetic cores.
Substituting the values of the expressions (5) and (6) in 𝛼 = 0 and 𝛼 = 𝛼м into the system of
equations (7), we obtain:
𝛾
𝛾
𝐹𝑒
(1 −
) 𝐴1 + (1 +
) 𝐴2 =
,
𝑍𝜇0 𝐶𝜇𝑝
𝑍𝜇0 𝐶𝜇𝑝
𝑍𝜇0
(8)
𝛾
𝛾
𝐹
𝑒
(1 +
) 𝑒 𝛾𝛼м 𝐴1 + (1 −
) 𝑒 −𝛾𝛼м 𝐴2 = −
.
𝑍𝜇0 𝐶𝜇𝑝
𝑍𝜇0𝐶𝜇𝑝
𝑍𝜇0 }
Solving the system of equations (8) with respect to the unknowns A1 and A2, we find the
following values:
𝐹
𝛾
𝐹
𝛾
𝐴1 = − 2𝑍 𝑒 ∆ 𝑒 −𝛾𝛼м + 𝐹𝑒 2𝑍 2 𝐶 ∆ 𝑒 −𝛾𝛼м − 2𝑍 𝑒 ∆ − 𝐹𝑒 2𝑍2 𝐶 ∆,
(9)
𝜇0

𝐴2 =
𝛾2

Where is ∆= [(1 + 𝑍 2

2
𝜇0 𝐶𝜇𝑝

𝐹𝑒
2𝑍𝜇0 ∆

𝑒

𝜇0 𝜇𝑝

𝛾𝛼м

+ 𝐹𝑒

) 𝑠ℎ(𝛾𝛼м ) +

𝛾
2 𝐶 ∆
2𝑍𝜇0
𝜇𝑝

𝛾
𝑍𝜇0 𝐶𝜇𝑝

𝑒

𝛾𝛼м

𝜇0

+

𝐹𝑒
2𝑍𝜇0 ∆

− 𝐹𝑒

𝜇0 𝜇𝑝

𝛾

,

2 𝐶 ∆
2𝑍𝜇0
𝜇𝑝

(10)

𝑐ℎ(𝛾𝛼м )].
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Substituting expressions (9) and (10) into equations (5) and (6), we obtain the following
expressions for the magnetic flux in the MES ring ferromagnetic cores and the magnetic voltage between
them:
𝛾
{𝑐ℎ[𝛾 (𝛼м − 𝛼 )] + 𝑐ℎ(𝛾𝛼 )} +
𝑄𝜇 (𝛼 ) = 𝐹𝑒 2
𝑍𝜇0 𝐶𝜇𝑝 ∆
𝐹𝑒
{𝑠ℎ[𝛾(𝛼м − 𝛼 )] + 𝑠ℎ(𝛾𝛼 )},
+
(11)
𝑍𝜇0∆
𝛾𝐹𝑒
{𝑐ℎ[𝛾 (𝛼м − 𝛼 )] − 𝑐ℎ(𝛾𝛼 )} +
𝑈𝜇 (𝛼 ) =
𝑍𝜇0 𝐶𝜇𝑝 ∆
𝛾2
+𝐹𝑒 2 2 {𝑠ℎ[𝛾(𝛼м − 𝛼 )] − 𝑠ℎ(𝛾𝛼 )}.
(12)
𝑍𝜇0 𝐶𝜇𝑝 ∆
On the basis of the corresponding identities concerning hyperbolic functions, we give the
following expressions which are convenient to use expressions (11) and (12) [8]:
1
𝑄𝜇 (𝛼 ) = 𝐾0 𝑐ℎ [𝛾 ( 𝛼м − 𝛼)],
(13)
2
𝛾
1
𝑈𝜇 (𝛼 ) =
𝐾0 𝑠ℎ [𝛾 ( 𝛼м − 𝛼)],
(14)
𝐶𝜇𝑝
2
2𝐹𝑒

Where is 𝐾0 = 𝑍

𝜇0 ∆

1

[𝑠ℎ (2 𝛾𝛼м ) + 𝑍

𝛾

1

𝜇0 𝐶𝜇𝑝

𝑐ℎ (2 𝛾𝛼м )].

In Figure 2, the curves of the bonds 𝑈𝜇∗ = 𝑓(𝛼 ∗ ) (а) and 𝑄𝜇∗ = 𝑓(𝛼 ∗ ) (b) are shown at different
values of the extinction coefficient 𝛽 = 𝛾𝛼м along the magnetic chain of the magnetic field. 𝑈̇𝜇∗ (𝛼 ∗ ) =
𝑈̇𝜇 (𝛼 ∗ )
𝑈̇𝜇 (0)

∗

̇

𝑄 (𝛼 )
𝛼
, 𝑄̇𝜇∗ (𝛼 ∗ ) = 𝑄𝜇̇ (0) , 𝛼 ∗ = 𝛼 .
𝜇

м

The expressions (13) and (14) and the analysis of their curves show that the magnetic voltage is
nonlinearly distributed along the length of the magnetic chain, is zero at the magnetic neutral point, and
then changes its sign. The value of the magnetic flux is not the same along the length of the chain: it is
the maximum at the beginning and end of the magnetic chain, and the minimum in the middle. The
nonlinear distribution of the magnetic voltage along the length of the magnetic chain and the degree of
unevenness of the magnetic flux along the length of the chain increase with the extinction coefficient (β)
of the magnetic field along the magnetic chain.

а)

б)
Figure 2. 𝑼∗𝝁 = 𝒇(𝜶∗ ) (а) and 𝑸∗𝝁 = 𝒇(𝜶∗ ) (b) relationship curves: continuous lines - theoretical; dashed line –
experimental.

It should be noted that when it is required to measure very small values of mechanical force or
vibration parameters in the object of the control and management system, a strong magnetic field is
created in its magnetic circuit by increasing the current flowing through the sections of the coil in order
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to increase the sensitivity of the sensor. In this case, the material of ferromagnetic cores operates in the
nonlinear part of the main magnetization curve, and in such cases the calculation of the value of specific
magnetic resistance of ferromagnetic core material on the basis of expression (3) causes large errors in
chain calculations [9]. Such magnetic chains need to be studied in the form of nonlinear chains.
Before starting to calculate the nonlinear magnetic chain, it is necessary to solve the problem of
approximation of the main magnetization curve of the MES ferromagnetic core material obtained
experimentally, ie its expression by an analytical function.
Different types of functions are used to approximate the main magnetization curve [10]. In this
dissertation we use the following polynomial function, limited to the first two terms widely used in
practice:
𝐻 = 𝑎1 𝐵 + 𝑎2 𝐵3 ,
(15)
Where is 𝑎1 and 𝑎2 – are approximation coefficients that are calculated using methods known
from the higher mathematics course, such as the smallest squares or selected point methods.
(15) dividing both sides of the expression by B, we make the following equation after the
corresponding modifications:
𝜌𝜇 = (1⁄𝜇𝜇0 ) = 𝑎1 + 𝑎2

2 (𝛼)
𝑄𝜇

𝑆𝜇2

,

(16)

For the nonlinear magnetic chain under study:
0,5𝜋𝑟
𝑍𝜇𝑝 = 𝜌𝜇 𝑆 𝛼 𝑎𝑣 .

(17)

𝜇 м

Substituting (17) into the differential equation (4), taking into account expression (16), we obtain
the following nonlinear differential equation:
𝑑2 𝑄𝜇 (𝛼 )
𝜋𝑟𝑎𝑣

where is 𝑏1 = 𝑎1 𝑆

𝜇 𝛼м

𝜋𝑟𝑎𝑣

𝑑𝛼 2

= 𝑏1 𝑄𝜇 (𝛼 ) + 𝑏2 𝑄𝜇3 (𝛼 ),

(18)

𝐶𝜇𝑝 ; 𝑏2 = 𝑎2 𝑆 3 𝛼 𝐶𝜇𝑝 ; 𝑟𝑎𝑣 = 0,5(𝑟1𝑎𝑣 + 𝑟2𝑎𝑣 ).
𝜇 м

(18) We solve the second-order nonlinear differential equation using the method of serial
approximation (iteration) [4,8]. To do this, we take the expression (13), which is the solution of the linear
differential equation, as the first approximate solution of equation (18), and on the basis of it we obtain
the following solution of equation (18).:
𝑄𝜇 (𝛼 ) =

𝐾0 𝛾2
𝑏1

1

𝑐ℎ [𝛾 (2 𝛼м − 𝛼)] −

𝑏2 𝐾03
𝑏1

1

𝑐ℎ3 [𝛾 (2 𝛼м − 𝛼)],

(19)

The magnetic voltage between the ferromagnetic cores is found based on Equation (1) as follows:
𝐾0 𝛾 3
1
𝑈𝜇 (𝛼 ) =
𝑠ℎ [𝛾 ( 𝛼м − 𝛼)] −
𝑏1 𝐶𝜇𝑝
2
−

3𝑏2𝐾0 3𝛾
𝑏1 𝐶𝜇𝑝

1

1

𝑐ℎ2 [𝛾 (2 𝛼м − 𝛼)] ∙ 𝑠ℎ [𝛾 (2 𝛼м − 𝛼)].

(20)

The curves 𝑈𝜇∗ = 𝑓(𝛼 ∗ ) and 𝑄𝜇∗ = 𝑓(𝛼 ∗ ) constructed on the basis of equations (19), (20) from the curves
constructed on the basis of equations (13), (14) (see Figure 2 !) although not qualitatively different, but
different in value. Therefore, Figure 3 shows the curves constructed on the absolute values of magnetic
flux based on equations (13) and (19) and the results of experiments.. Their analysis shows that the
magnetic chain with the coils is 12 ÷ 15% of the experimental results when the magnetic conductivity
of the material (electrotechnical steel) is calculated without taking into account the nonlinearity of the
magnetization curve (linear magnetic chain), and when the magnetization curve is nonlinear ) - varies
by 6 ÷ 8%.
Equations (13), (14) and (19), (20) show the magnetic resistances of MES ferromagnetic cores
designed for use in control and management system facilities, the magnetic capacitance between them
is scattered along the magnetic chain, and the magnetizing forces of the coil sections are mathematical
models of a linear magnetic chain with a set.
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Figure 3. 𝑸𝝁 = 𝒇(𝜶∗ ) connection curves for a magnetic chain with a coiled heap:
1 - ferromagnetic material 𝐵 = 𝑓(𝐻) except for the nonlinearity of the bond; 2 - taking into account the nonlinearity of this
connection; 3 – experimental.

In most cases, the space between the coaxially located ferromagnetic cores is filled with coil
sections in order to increase the sensitivity of the MES under study and to make full use of the capabilities
of the magnetic system (Fig. 4, a). In such cases, ignoring in the development of mathematical models
of the magnetic chain the fact that the magnetic force of the coil sections is scattered along the coordinate
Fe leads to some errors in the theoretical study of the basic characteristics of MES [7,11].
Therefore, below we consider the sequence of development of mathematical models of MES
under study for the case where Fe is scattered along the coordinate a.
Based on Kirchhoff's laws for the elementary section of a magnetic chain, we construct the
following equations (Figure 4, b):

а)
б)
Figure 4. The magnetic section of the scattered sections of the coil and the elementary at 𝒅𝜶 it plot exchange
scheme.
𝑑𝑄𝜇 (𝛼 )
𝑑𝛼
𝑑𝑈𝜇 (𝛼)

= −𝑈𝜇 (𝛼 )𝐶𝜇𝑝 ,

(21)

= −2𝑍𝜇п𝑄𝜇 (𝛼 ) + 𝑓𝑒 ,
(22)
Where is 𝑓𝑒 – The value of the pogon along a coordinate of the magnetic driving force of the coil section.
Taking the product from equation (21) at the coordinate a and putting equation (22), we obtain
the following second-order nonlinear linear differential equation:
𝑑𝛼

𝑑2 𝑄𝜇 (𝛼 )
𝑑𝛼 2
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= −𝐶𝜇𝑝

𝑑𝑈𝜇 (𝛼 )
𝑑𝛼

= 2𝑍𝜇𝑝 𝐶𝜇𝑝 𝑄𝜇 (𝛼 ) − 𝑓𝑔 𝐶𝜇𝑝 .

(23)
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We find the general solution of equation (23) using the method of variation of the desired
variables [8].
According to the essence of this method, we construct the following system of equations:
𝑑А1 𝑑
𝑑А
𝑑
⋅ (𝑒 𝛾𝛼 ) + 𝑑𝛼2 ⋅ 𝑑𝛼 (𝑒 −𝛾𝛼 ) = −𝑓𝑔 𝐶𝜇𝑝 ,
𝑑𝛼 𝑑𝛼
{
(24)
𝑑А1 𝛾𝛼
𝑑А2 −𝛾𝛼
𝑒
+
𝑒
=
0.
𝑑𝛼
𝑑𝛼
Solving the above system of equations
𝑑А1
𝑑𝛼

=−

Integrating the expressions found in
А1 = − ∫

𝑓𝑒 𝐶𝜇𝑝

𝑒

2𝛾
𝑓𝑒 𝐶𝜇𝑝

А2 = ∫

2𝛾

𝑑А1
𝑑𝛼

𝑓𝑒 𝐶𝜇𝑝
2𝛾
𝑑А1

𝑑𝛼
−𝛾𝛼

and

𝑑А2
𝑑𝛼

we find the following:
𝑑А1

𝑒 −𝛾𝛼 ;
and

𝑑𝛼

𝑑А2
𝑑𝛼

𝑑𝛼 + А1∗ =

𝑓𝑒 𝐶𝜇𝑝
2𝛾

𝑒 𝛾𝛼 .

(25)

we obtain:
𝑓𝑒 𝐶𝜇𝑝
2𝛾2

𝑓𝑒 𝐶𝜇𝑝

𝑒 𝛾𝛼 𝑑𝛼 + А∗2 =

=

2𝛾2

𝑓

𝑒 −𝛾𝛼 + А1∗ = 4𝑍𝑒 𝑒 −𝛾𝛼 + А1∗ ,
𝜇𝑝

𝑓

𝑒 𝛾𝛼 + А2∗ = 4𝑍𝑒 𝑒 𝛾𝛼 + А1∗ ,
𝜇𝑝

(26)
(27)

We put the found values of A1 and A2 into equation (5), which is the general solution of equation
(23):
𝑓

𝑄𝜇 (𝛼 ) = А1∗ 𝑒 𝛾𝛼 + А2∗ 𝑒 −𝛾𝛼 + 2𝑍𝑒 .
𝜇𝑝

Before finding the integration constants А1∗ and А∗2 we determine the expression for the
magneticstress between the ferromagnetic cores on the basis of equation (22) as follows:
𝑑𝑄 (𝛼 )
1
𝛾
𝛾
𝑈𝜇 (𝛼 ) = −
∙ 𝜇 =−
А1∗ 𝑒 𝛾𝛼 +
А2∗ 𝑒 −𝛾𝛼 .
𝐶𝜇𝑝

𝑑𝛼

𝐶𝜇𝑝

𝐶𝜇𝑝

(28)

(29)

To find the values of А1∗ and А∗2 we construct the following two systems of equations using the
boundary conditions (7):
𝛾
𝛾
𝐹𝑒
𝑓𝑒
(1 −
) А1∗ + (1 +
) А2∗ =
−
,
𝑍𝜇0 𝐶𝜇𝑝
𝑍𝜇0 𝐶𝜇𝑝
𝑍𝜇0 2𝑍𝜇𝑝
(30)
𝛾
𝛾
𝐹
𝑓
𝑒
𝑒
(1 +
) 𝑒 𝛾𝛼м А1∗ + (1 −
) 𝑒 −𝛾𝛼м А∗2 =
−
.
𝑍𝜇0 𝐶𝜇𝑝
𝑍𝜇0 𝐶𝜇𝑝
𝑍𝜇0 2𝑍𝜇𝑝 }
Solving the system of equations (30) with respect to the unknown А1∗ and А2∗ we put the results
in (28) and (29) and form the following:
(2𝑍𝜇𝑝 𝐹𝑒 − 𝑍𝜇0𝑓𝑒 )
{𝑐ℎ[𝛾(𝛼м − 𝛼 )] + 𝑐ℎ(𝛾𝛼 )} +
𝑄𝜇 (𝛼 ) =
2
𝛾𝑍𝜇0
∆
(2𝑍𝜇𝑝 𝐹𝑒 − 𝑍𝜇0 𝑓𝑒 )
{𝑠ℎ[𝛾(𝛼м − 𝛼 )] + 𝑠ℎ(𝛾𝛼 )},
+
(31)
2𝑍𝜇0𝑍𝜇𝑝 ∆
(2𝑍𝜇п𝐹𝑒 − 𝑍𝜇0 𝑓𝑒 )
{𝑠ℎ[𝛾(𝛼м − 𝛼 )] − 𝑠ℎ(𝛾𝛼 )} +
𝑈𝜇 (𝛼 ) =
2
𝑍𝜇0
𝐶𝜇𝑝 ∆
(2𝑍𝜇𝑝 𝐹𝑒 − 𝑍𝜇0 𝑓𝑒 )
{𝑐ℎ[𝛾(𝛼м − 𝛼 )] − 𝑐ℎ(𝛾𝛼 )}.
+
(32)
𝛾𝑍𝜇0∆
On the basis of the corresponding identities relating to hyperbolic functions, we replace the
expressions (31) and (32) with the following, which are convenient to use:
1
𝑄𝜇 (𝛼 ) = 𝐾1 𝑐ℎ [𝛾 ( 𝛼м − 𝛼)],
(33)
2
𝛾
1
𝑈𝜇 (𝛼 ) =
𝐾 𝑠ℎ [𝛾 ( 𝛼м − 𝛼)],
(34)
𝐶𝜇𝑝 1
2
Where is 𝐾1 =

(2𝑍𝜇𝑝 𝐹𝑒 −𝑍𝜇0 𝑓𝑒 )
𝑍𝜇0 𝑍𝜇𝑝 ∆

1

[𝑠ℎ (2 𝛾𝛼м ) + 𝑍

𝛾

𝜇0 𝐶𝜇𝑝

1

𝑐ℎ (2 𝛾𝛼м )].
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Mathematical models of a nonlinear magnetic circuit of a technical medium whose scattering
sections are scattered along a coordinate can be generated in the above sequence. We will limit ourselves
to quoting the following final expressions:
𝑄𝜇 (𝛼 ) =
𝐾

𝛾3

𝐾1 𝛾2
𝑏1

1

𝑐ℎ [𝛾 (2 𝛼м − 𝛼)] −

𝑏2 𝐾13
𝑏1

1

𝑐ℎ3 [𝛾 (2 𝛼м − 𝛼)],

(35)

1

𝑈𝜇 (𝛼 ) = 𝑏 1𝐶 𝑠ℎ [𝛾 (2 𝛼м − 𝛼)] −
1 𝜇𝑝

−

3𝑏2𝐾1 3𝛾
𝑏1 𝐶𝜇𝑝

1

1

𝑐ℎ2 [𝛾 (2 𝛼м − 𝛼)] ∙ 𝑠ℎ [𝛾 (2 𝛼м − 𝛼)].

(36)

Figure 5 shows the curves constructed on the absolute values of magnetic flux based on equations
(33) and (35) and the results of experiments. Their analysis shows that,

Figure 5. 𝑸𝝁 = 𝒇(𝜶∗ ) bond curves for a magnetic chain with scattered rings:
1 - ferromagnetic material 𝐵 = 𝑓(𝐻) except for the nonlinearity of the bond; 2 - taking into account the nonlinearity of this
connection; 3 – experimental.

The result differs by 10 ÷ 12% from the experimental results, and 5 ÷ 7% from the non-linearity
of the magnetization curve, taking into account the nonlinearity of the magnetization curve of the
magnetic conductive material in which the magnetic chain is scattered.
It should be noted that when the magnetic forces of the coil sections are concentrated, that is,
when fq = 0, expressions (33) and (34) with expressions (13) and (14), and expressions (35) and (36)
with (19) and (20). ) is the same as the expressions.
Expressions (33) - (36) are mathematical models of the magnetic circuit of the generated
technical medium, where the magnetic resistances of the ferromagnetic cores, the magnetic capacitance
between them and the magnetic forces of the coil sections are scattered along the magnetic chain, are
used in the theoretical study of the basic characteristics of the motor.
Conclusion
The analysis of the generated mathematical models and graphs based on them shows that when
the magnetic chain with the coils is assembled without taking into account the nonlinearity of the
magnetization curve of the magnetic conductive material (electrotechnical steel) (linear magnetic chain),
the result is 12 ÷ 15% of the experimental results and taking into account the nonlinearity of the
magnetization curve (nonlinear magnetic chain) - varies by 6 ÷ 8%. The result differs by 10 ÷ 12% from
the experimental results, and 5 ÷ 7% from the non-linearity of the magnetization curve.
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